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Chemical Nonequilibrium Effects in Hypersonic
Pure Air Wakes

MICHAEL LENARD* AND MAURICE E. LONG|
General Electric Company, Valley Forge, Pa.

The effect of finite chemical reaction rates on the chemical structure of hypersonic wakes is
examined. The technique of incipient nonequilibrium coefficients, based on linearized
chemical kinetics for a seven-component (Oa, N2, O, N, NO, NO+, e~), ten-reaction model of
high-temperature air, is utilized in the analysis. The turbulent far wake is treated by means
of a simple analysis. A range of altitudes (70-200 kft) and flight speeds (15-21 kft/sec) is con-
sidered. The results show that chemical nonequilibrium does occur at these conditions, and,
except near the wake axis, it is due mainly to diffusive rather than convective effects. The
species N and O are identified as the principal contributors to these effects.
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incipient nonequilibrium index, AE/h
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species
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ui (dpjdx); Eq. (10)
Prandtl number
species diffusional flux velocity
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Reynolds number
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spectively
temperature
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velocity defect in far wake, u™ ~ u
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expansion parameter tc/t/
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u = viscosity
p = density
Subscripts
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Introduction

AERODYNAMICS at hypersonic speeds is greatly com-
^" -̂ plicated by chemical changes occurring in high-tempera-
ture air. In addition, the chemical state of air in the wake
determines the electrical transmission and radiative proper-
ties of the wake, which are important means for the detection,
observation, and identification of hypersonic re-entry bodies.
Under many circumstances of practical interest in the re-
entry problem, chemical-kinetic and fluid-mechanic rates of
change in the flow are comparable. Much of current re-
search has been directed toward justifying simplifications
that make this problem of coupled chemical-kinetics and
fluid-mechanics more tractable in specific situations.

The present investigation is directed toward solving this
general problem for the specific case of uncontaminated air
wakes behind bodies moving at hypersonic speeds. This type
of flow is characterized by the presence of both convective
and diffusive effects, but the latter (as in boundary layers)
occur only along constant pressure surfaces. An approxima-
tion procedure, which is based on expanding the coupled
fluid-mechanic and chemical-kinetic equations in powers of a
small aerothermochemical parameter, is used to describe
these types of flows. Deviations from the chemical equilib-
rium model are due both to the rapidity of convection of the
fluid particles along the wake streamlines and to the inter-
diffusion of the reacting species across the streamlines, each
of which dominates in various parts of the wake.

Investigations of wake fluid mechanics (e.g., Ref. 1) show
clearly that the description of wakes is completely different
for laminar and turbulent flows. As a re-entry body pene-
trates into the atmosphere, transition from laminar to turbu-
lent wake flow will occur at a certain point, and the chemical
processes in the flow will pass through a complete spectrum
from chemically frozen flow to instantaneous chemical
equilibrium flow. At the two ends of the spectrum, therefore,
the wake flow will be laminar and frozen, and turbulent and
in equilibrium, respectively. The expansion procedure of
the present investigation, which attempts to justify and im-
prove the chemical equilibrium description of reacting flows,
is therefore particu.arly suitable for investigating properties
of turbulent wakes. Although body shape has important
bearing on the development of turbulent hypersonic wakes
near the body, the wake behavior far downstream can be
adequately described without reference to body shape. The
present investigation utilizes the turbulent far wake as a
basis of estimating chemical nonequilibrium effects in hy-
personic wakes.
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Method of Analysis

For a mixture comprised of n + m species with m inde-
pendent conservation laws relating the species concentrations
to each other (e.g., over-all mass conservation, charge con-
servation in a neutral plasma, etc.), there will be n indepen-
dent species conservation laws of the following type:

~Dt , T, C, . -) (D

where

In addition to Eq. (1), the usual fluid-mechanic conservation
laws for mass, momentum, and energy, the equation of state,
and other auxiliary equations relating thermodynamic and
transport properties are necessary completely to formulate
the general problem. However, Eq. (1) is particularly sig-
nificant in the analysis due to the appearance of the chemical-
kinetic mass-generation-rate terms (right-hand side).

For "fast" chemical reactions it is possible to treat the
general problem in terms of an expansion procedure.2 The
expansion parameter e is the ratio of an appropriate chemical
time tc (which is based on the sensitivity of the chemical mass-
generation-rate functions to changes in composition) and a
fluid-mechanic reference time t/. As a result of the expansion
procedure, incipient nonequilibrium coefficients can be de-
fined for a reacting mixture, which can be used to predict
nonequilibrium effects both qualitatively and quantitatively
from properties of the flow solution based on instantaneous
local chemical equilibrium. Such solutions are compara-
tively easy to obtain for wakes and other hypersonic aero-
dynamic problems of current interest. In what follows, the
results of Ref. 2 will be used in conjunction with equilibrium
wake solutions. The salient features of the expansion pro-
cedure, particularly the application of incipient nonequilib-
rium coefficients to wakes, will first be reviewed.

Equation (1), which has units of inverse time, can be
written in nondimensional form by the use of a flow time (for
the convective term), diffusion time (for the diffusive term),
and chemical time (for the reaction term) to normalize the
equations. These reference times must be appropriately
chosen for the application that is being considered. Then,
the expansion parameter, e = t c / t f , will appear explicitly in
the equation as follows:

Dft . 1 1

.•5T + ^Scp"dlv(pC-to) j = Ot(p,T, C y . . ) (2)

If now all dependent variables are expanded in powers of e
and terms grouped according to powers of e in all the pertinent
equations, the over-all mass, momentum, and energy con-
servation equations for the leading terms are unchanged
(since the parameter e does not appear in these equations
explicitly), but species conservation Eq. (2) becomes

Gt(pi, Z^C*. . ) = 0 (3)
where subscript 1 denotes the leading terms in the e expan-
sion. Equation (3) forms an algebraic system which can be
solved for the first-order composition

(Pi, (4)

without reference to any fluid mechanic problem, thereby
decoupling the chemical problem from the fluid mechanics.
This justifies use of the chemical equilibrium composition for
these types of problems. The effect of the flow process on
composition can be ascertained by considering the next term
in the expansion of Eq. (2). Specializing now to axisym-
metric steady wakes, the species conservation equations take
on the simplified form

od . od 1 d (wWt\ r ( _ „i — + v — — — . I • - - — ) = Gi• (p. T. Cj . .ox dz/ ypoy\Sc oy J vr' ' 3 ) (5)

The expansion procedure just described can now be ap-
plied to (5). The first step, which is independent of the fluid-
mechanic problem, results in Eqs. (3) and (4). The quantities
Gi in Eq. (3) are considered specified functions of the de-
pendent thermodynamic (two variables) and chemical (n
variables) quantities, so that Eq. (3) must be considered a
mathematical relation between dependent variables rather
than a physical statement implying vanishing reaction rates.
Thus, the artifice of describing Gi as an indeterminate quantity
which approaches a limit as chemical equilibrium is ap-
proached is not necessary in this formulation. Instead, the
next step in the expansion of (5) indicates clearly that the
chemical processes that do take place in equilibrium flow are
due to second-order perturbations of the equilibrium thermo-
chemical state; namely,

dCg dCii _ _!_ <b_ /^y
dx 1 dy ypi dy \ Sc

zi
3 = 1 p, T, Ck

) P2 +
Cj, T/l (6)

^T cj, P)I
The foregoing equation forms a system of n linear algebraic

equations for the unknown second-order terms; formulation
of the second-order problem should be completed by consider-
ing corresponding expansions of the remaining conservation
equations. Before proceeding further, it may be observed
that the coefficients on the right-hand side of (6) are not all
independent. Equation (4) can be substituted into (3) and
the resulting identity differentiated with respect to pi and T\
separately; e.g.,

d. T/i \5Cy p, T, Cji Ti
= 0 (7)

and similarly for TV Equations (4) and (7) can now be sub-
stituted into the left- and right-hand sides of (6), respectively,
resulting in

PC +
dC Zeq

dT TCD
y Zeq

where the quantities

dpi Ti

(8)

(9)

group all second-order terms into one "composition devia-
tion" term, and the terms

PC = ui (dpi/dx)

ox ——oy

D Sc pi \ dy )

— — — I —— —— I (10)ypi dy \ be dy

account for the flow effects based on the first-order (i.e.,
chemical-equilibrium) solution of the wake. The linear alge-
braic system (8) is solvable for the ACy2, and, due to the lin-
earity of the system, it is possible to write

pc .,Tc

(11)
As pointed out in an earlier note,3 the coefficients in paren-

theses of (11) can be calculated once and for all without con-
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Fig. 1 Velocity along centerline of far wake.
sidering any particular flow problem. Associating each of
the species with the appropriate amount of chemical energy,
which is required to create it from a low-temperature reference
state, incipient nonequilibrium coefficients can be denned
which account for the combined effect of all the species, e.g.,

tt+ra
AEc/pc = £ #,-(ACWpc) (12)

i = l
and similar equations apply for AJ3CD/TcD and &ED/TD.

For a given equilibrium wake solution, the local value of
enthalpy is known and the quantities in (10) can be calculated,
so that the ratio

h PC + TCD
TD] (13)

can be calculated everywhere in the flow. This ratio AJE/h
can be considered the "incipient nonequilibrium index"
(I.N.I.) for the flow. If I.N.I. « 1.0, the equilibrium solu-
tion is valid; if I.N.I. > 1.0, nonequilibrium effects are cer-
tainly present. This parameter is analogous to similar
criteria developed by Penner,4 Boyer et al.,5 and others to
determine incipient nonequilibrium effects in nozzle flows.
The present criterion differs because it is the outcome of a
systematic expansion procedure for the general problem of flow
of reacting mixtures with both convective and diffusive effects
present. Because of the linearity of the pertinent equations,
the causes of deviation from equilibrium can be ascertained:
the fluid-mechanic effects are seen from the magnitudes of
the various terms in (10), and the principal chemical species
that cause deviations from equilibrium can be seen from the
magnitudes of the various terms in the equations (e.g., 12)
for the incipient nonequilibrium coefficients.
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Fig. 3 Enthalpy and chemical energy along centerline in
far wake.

These coefficients are functions of thermodynamic state
only and have been calculated2 for a seven-component (02,
N2, 0, N, NO, NO+, e~), ten-reaction model of high-tempera-
ture air. The ten reactions are:
2O2
O +
O2 +
0 +
O +

N +
2N2
N +
N2

O2
M

N2
NO

O

N2
M

* 2O + O2
* 3O
> 2O + M(M = N, N2, NO, NO+)

N + NO
N + O2

(14)

2N + N2
3N
2N + M(M = O, O2, NO, NO+)

NO + M ^ ± N + O + M(M - O, O2, N, N2, NO, NO+)

Wake Analysis
As indicated in the introduction, the incipient nonequi-

librium concept outlined in the foregoing can be applied to
turbulent far wakes, where instantaneous chemical equilib-
rium can certainly be justified at some flight conditions.
The calculation of the turbulent far wake is based on Long's
adaptation to hypersonic wakes6 of the classical description1

of incompressible turbulent axisymmetric wakes. The ef-
fects of density variations, which are important in hyper-
sonic wakes due to the large temperature range, are accounted
for by means of a Howarth-Dorodnytsin transformation of
the radial coordinate

YdY = (p/pc.) ydy (15)
Based on this simple model, J the analysis6 can be outlined

as follows:

(16)

where UD = um — u, and R is the radius of the turbulent
wake. In terms of transformation (15), the turbulent wake
radius is denoted by 9, so that integrating (15) gives

- e -
F\~l
e)] (17)

Fig. 2 Temperature along centerline of far wake.

J In a more elaborate analysis, Lees and Hromas7 account for
both the effects of compressibility and the effect of ingesting a
highly nonuniform inviscid flow into the turbulent wake. The
latter effect is particularly important near the body, where body
shape significantly affects the development of the turbulent
wake,8 but in the present study the description of the far wake is
based on the asymptotic behavior of the fluid far from the body,
so that a simpler treatment6 is adequate (and is in essential agree-
ment with that of Ref. 7 in this region), because it is reasonable
to assume that the pressure has reached the ambient value and
that the total drag is contained in the turbulent wake.
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It can now be assumed that the velocity profile has the
same shape in terms of the dimensionless transformed vari-
able as the corresponding incompressible wake

UD [-(in (18)

The physical justification for this assumption is that it is
reasonable to assume that the turbulent exchange of momen-
tum between adjacent streamlines follows the same mecha-
nism for the compressible and incompressible cases based on
the mass flux in the respective streamlines.

Far from the body, UD « u™, and the growth of the turbu-
lent wake can be described as for the incompressible case

R = (19)
Now it only remains to relate the density and velocity pro-

files in the wake by means of the energy equation

h + u*/2 = Hm (20)
and the equation of state for air in chemical equilibrium, which
can be used to find the density p = p(h, pm).

This completes the system of equations necessary to de-
scribe the wake. The momentum integral can be integrated
by using (15), (17), and (18) in (16):

CDA = 0.5143 7T (W^JmaxB2 (21)

The actual calculation of the wake can now proceed in the
following sequence of steps. First, one assumes (UD/U^) , from
which 9 and the velocity profile can be determined via (21)
and (18) . (All distances are nondimensionalized by (CD A) 1 /2.)
The density profile can now be determined and used to relate
the transformed and physical coordinates by means of (15).
The radius of the wake R can now be used to find the distance
behind the body by means of (19). The description of the
wake flow field is now complete, because all quantities are de-
termined in terms of the physical coordinates x and y.

Nonequilibrium Effects
The results of the wake analysis can now be combined with

the incipient nonequilibrium coefficients to estimate the ef-
fects of finite chemical rates in the wake. The terms de-
scribed by Eqs. (10) must be calculated from the wake solu-
tion. In the absence of pressure gradients, the first of these
terms is zero. The second term combines the effects of axial
and radial convection and a term that is due to diffusion and
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Fig. 5 Velocity and temperature profile in far wake.

is essentially proportional to the second derivative of the
temperature profile. The axial convection term can be calcu-
lated directly from the known profiles. The radial velocity v
must be calculated by integrating the continuity equation

dy (22)

For turbulent flow, Sc ~ 1.0, and the eddy viscosity from
Prandtl's mixing length theory is

This expression is in agreement with the assumed velocity
profile.1 The third expression in (10) is due to diffusion and
is proportional to the square of the temperature gradient;
it can be calculated by combining some of the previously de-
termined quantities.

Before proceeding with a presentation of numerical results,
it is worthwhile to discuss the potential significance of these
calculations. The expansion procedure that forms the basis
of the incipient nonequilibrium analysis is not valid unless
succeeding terms in the expansion are small throughout the
flow field. This implies that if deviations from chemical
equilibrium occurred in the flow field surrounding the re-entry
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Table 1 Flight conditions considered (freestream)

Case

1
2
3
4
5
6

Alt,
kft
200
150
100
70
70
70

Speed, fps

21,400
21,400
21,000
21,000
18,000
15,000

Static
pressure,
atm X

105

23
145

1090
4430
4430
4430

Stagnation
temp.,

°K

4630
4885
5380
5710
5320
4680

body, application of this method to the wake could not be
justified rigorously. It may be argued that the sensitivity
of the chemical rate effects to pressure and temperature indi-
cates that upstream effects play a minor role compared to
local properties of the flow in bringing about nonequilibrium
effects. This will tend to justify the use of incipient non-
equilibrium coefficients on a local basis. On the other hand,
sudden changes in flow properties around the body, particu-
larly expansions around the base or the nose region of bodies,
or incomplete relaxation behind the bow shock, may cause a
lack of equilibrium in the fluid that empties into the wake
despite the relatively higher pressure and temperature up-
stream from the wake. These considerations indicate that
the present method can only give necessary, but not sufficient,
conditions for the validity of instantaneous local equilibrium
wake flow. Therefore the subsequent results simply indicate
limits of the possible usefulness of local equilibrium wake
flow. Because of the linearity of all pertinent equations, the
results do permit conclusions as to the particular chemical and
fluid-mechanic phenomena that are the principal causes of
nonequilibrium deviations.

Numerical Results

The flight conditions considered are listed in Table 1; they
were chosen to represent various altitudes and speeds of
practical interest. Velocities, temperatures, enthalpies, and
chemical energies along the centerline are given in Figs. 1,
2 and 3, respectively. The chemical energy Echem is the
energy absorbed by dissociation and ionization; when com-
pared to /i, it is an indicator of the potential significance of
chemical effects. Figure 4 shows AE/h, the incipient non-
equilibrium index (I.N.I.), for the same six cases along the

TOTAL DIFFUSION
DIFFUSION DUE TO/^

CASE 3
xA/CjjA = 383.3
RA/C^A = 4.36

.2 .4 .6 .8 1.0
y/R

Fig. 8 Incipient nonequilibrium index in far wake (dif-
fusion only).

far wake centerline. Since the temperatures are the highest
near the centerline, for a 1-ft body [(Cz>A)1/2 = 1.0], this
figure indicates the existence of an equilibrium region in the
far wake (where the I.N.I. < 1.0) in only three of the six cases
studied. Near the body, N is the largest contributing species
to the I.N.I., whereas further downstream, it is 0. As the
temperature drops (Fig. 2), the I.N.I, in Fig. 4 passes through
a minimum for many of the cases; despite the lower rates at
the lower temperatures, the tendency to deviate from equi-
librium becomes smaller due to the diminished supply of N
atoms that are "required" to recombine, and the terms in
Eqs. (10) become smaller. However, as soon as 0 recombi-
nation becomes significant, the tendency to deviate from
equilibrium becomes several orders of magnitude larger.
One may surmise from these results that for the high-altitude
condition (case 1), both the N and 0 recombinations will lag
far behind, whereas at lower altitudes (e.g., cases 3 and 4)
most of the N atoms will have recombined along the center-
line; the excess atoms in the far wake will be mostly O
atoms. This might have important consequences regarding
electron densities, due to the increased occurrence of N0 +

ions in regions where both types of atoms are present.
Figures 5 and 6 show velocity, temperature, and composi-

tion of a particular equilibrium far-wake profile. A station
383 (CoA)1 y2 downstream from the body for case 3 was chosen
as the example. Figure 7 shows the corresponding I.N.I.
profile, showing also the separate effects of convective and
diffusive terms. It is clear that, except at the wake center,
interdiffusion of the reacting species is the dominant reason
for deviating from chemical equilibrium in the far wake.
This interdiffusion is due both to the curvature of the tern-

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0
y / R

Fig 7 Incipient nonequilibrium index in far wake.
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perature profile (d2jT/d?/2) and to the curvature of the equilib-
rium composition vs temperature variation in conjunction
with the temperature gradients (dT/d?/)2, as shown in Fig. 8.
[Curvatures of the equilibrium composition profiles (Fig. 6)
also indicate the regions where there will be no diffusion.]
The breakdown of the convective effect into axial and
radial components (Fig. 9) further demonstrates the utility
of the method. Figure 10 indicates contribution of the var-
ious species to the I.N.I., atomic N and 0 dominating near the
center and in the outer region of the far wake, respectively;
the contribution of NO is not significant. [Note: in the
foregoing results only the absolute value of the I.N.I, is sig-
nificant; the sign merely indicates whether the dominant
reaction that is lagging behind is energy releasing (+) or
energy absorbing ( —). ]

Figure 11 compares contours of &E/h\ = 1.0 in the far
wake for three different cases. Comparison of cases 3 and 4
shows the effect of altitude, whereas comparison of cases 4 and
5 can ascertain the effect of flight speed at the same alti-
tude. As expected, low altitudes and high speeds (and the
ensuing high temperatures) will extend the regions of equilib-
rium flow both laterally and axially. The effect of body size
on the contours for one of the cases is also shown, indicating
that the equilibrium flow regions will vary with re-entry body
size and shape.

Summary

Incipient nonequilibrium coefficients were found to be a
practical and versatile research tool in estimating the effects

^OUTER EDGE OF WAKE.

DOWNSTREAM LIMIT
_OF EQUILIBRIUM___

REGION:
,(CASE 1.0)

/(4,
4, 1.0)
4,4.0)
3, 1.0)
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Fig. 11 Equilibrium regions in far wake.

of finite rate chemical kinetics in turbulent hypersonic wake
flows. It was possible to account for both convective and
diffusive effects in a multicomponent reacting mixture. The
results indicate the limits of the possible usefulness of hy-
personic wake calculations based on local chemical equilib-
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